The coupled attitude and orbit dynamics of solar sails is studied. The shape of the sail is a simplified quasi-rhombic-pyramid that provides the structure helio-stablility properties. After adimensionalisation the system is put in the form of a fast-slow dynamical system where the different time scales are explicitely related to the physical parameters of the system. The orientation of the body frame with respect to the inertial orbit frame is a fast phase that can be averaged out. This gives rise to a simplified formulation that only consists of the orbit dynamics perturbed by a flat sail with fixed attitude perpendicular to the direction of the sunlight. The results are exemplified using numerical simulations.
Introduction
Solar sails are a low-thrust propulsion system that uses the Solar Radiation Pressure (SRP). There have been several demonstrations of this technology, say, for instance, JAXA's IKAROS mission [20] , the Planetary Society's LightSail projects and NASA's NanoSail-D project [12] .
The effects of the SRP perturbation have been widely studied in the literature, and despite some exceptions, a common feature of these contributions assume that the sail consist of a flat panel whose attitude is fixed. Hence, most works related to solar sails rely on attitude control. It is also usually assumed that the spacecraft under consideration have an adequate center of Mass -center of Pressure Offset (that in this paper is referred to as MPO) that ensures the sun-pointing attitude -i.e. where the flat panel is perpendicular to the direction of sunlight-stable, that is, such spacecraft are assumed to be helio-stable.
In this work we investigate the possibilities of considering a different structure that consist of a number of flat panels disposed in a way that cancels out some torque components and make the sun-pointing attitude stable. The motivation is the usage such sails as passive deorbiting devices, that can be used to design end-of-life disposals that require the least attitude control possible. The so-called passive deorbiting strategy, as defined in [5] , consists of using the idea of deorbiting "outwards" on an elliptical orbit: the increase of the eccentricity of the orbit makes the perigee radius to progressively decrease. As justified in [14, 15] , this can be attained by setting that the sail panel is always perpendicular to the sunlight direction throughout the whole motion. This was compared to "active" approaches (as opposed to "passive"), in [5] , which consist of changing between maximal and minimal SRP acceleration along the motion: either twice per rotation around the Earth (maximizing it when travelling towards and minimizing it when travelling away as suggested in [2] ); or twice per year of integration. The latter provided the best results in terms of minimizing deorbiting time.
Apart from considering an adequate MPO, helio-stability can be enhanced by means of a Quasi-Rhombic Pyramid (QRP) shape. This idea was first introduced in [3] . The suggested structure consists of 4 reflective panels that resemble the shape of the pyramid. In case it is oriented close enough to the sunlight direction for an adequate MPO, this structure compensates, in average along the motion, the components of the acceleration in other directions. Namely, in [9] the authors provide a local argument for the stability of the sun-pointing attitude; and this stability can be further enhanced by assuming a moderate spin around the adequate axis of inertia as proposed in [10] .
A simplified version of the QRP that consists of a single triangular flat panel and an appropriately positioned payload of the spacecraft was considered in [4] , and later exploited in [11] to design new periodic orbits in the circular restricted three body problem. The suggested spacecraft was shown to have undamped conservative oscillatory dynamics around the sun-pointing direction.
Despite the contributions [3, 4, 9, 10, 11] provide satisfactory results, there is, to the authors' knowledge, a lack of understanding of 1. The attitude dynamics, specially close to the sun-pointing attitude, and 2. The attitude and orbit coupling: specially whether they can be analytically separated taking into account the fact that these two components have two characteristic time scales.
These two questions are addressed in this paper by considering a sail structure in between of the single-panel considered in [4, 11] and the full QRP [3, 9, 10] that allows to restrict to the dynamics to the ecliptic plane: it consists of two panels with variable aperture and variable position of the payload, as introduced in [18] . Building on previous contributions on the usage of the SRP effect for the design of end-of-life disposals (see, e.g., [14, 6] ), here the considered orbital dynamics is the J 2 problem perturbed by the SRP acceleration. The latter depends on the attitude of the spacecraft, whose rotation is assumed to be perturbed by the SRP and gravity-gradient torques. Hence, this study is relevant to higher Low Earth Orbits (LEO) (i.e. with altitude 700/800 km and above).
As numerically demonstrated in [18] , this structure has the advantage that under some hypotheses related to the geometry of the sail -that are discussed later in this contribution -, the dynamics close to the sun-pointing direction is close to a mathematical pendulum and hence the motion has a quasi-integral (adiabatic invariant) of motion that is almost preserved in some time interval. Also, the length of this time interval depends on the factor between time scales as usually described by theorems concerning the accuracy of the averaging method.
The organization and main results of this paper are the following. First of all, § 2 is devoted to the review of the geometry of the spacecraft under consideration and to the derivation of the equations of motion. Despite having two characteristic time scales the equations are not written in the form of fast-slow systems. The equations are put in this form and the different time scales are related via a physical parameter that only depends on the geometry of the spacecraft. In § 3 the dynamics of the system is studied in the context of fast-slow systems, and this includes the discussion of the possibilities of the separation of motions. The system obtained by direct averaging of the fast phase (after adequate changes of variables) is related to the results of the averaging theorems. The section finishes with an enumeration of physical interpretations of the results. The theoretical results and formulas of § 3 are tested in § 4 with special emphasis on the physical interpretations just mentioned. The paper concludes in § 5, where the main results of the contribution are summarized and different possible lines for future research are suggested.
Model
This section is devoted to provide the equations of motion of the planar motion of a heliostable solar sail. These are a set of differential equations that govern the coupled attitude and orbit dynamics of the spacecraft under consideration. The content of § 2.1 and § 2.2 is a summary of the derivation of the equations of motion that is added for completeness. This is performed in [18] , reference the reader is referred to for further details. The section ends by putting the equations of motion in the context of dynamical systems with multiple time scales in § 2.3.
Geometry of the sail structure
The spacecraft under consideration consist of a payload or bus attached to two panels forming an angle. To avoid out-of-plane motion one is lead to consider a simplification of a QRP [3] that consists of two panels of equal size P˘; say of height h, width w, and area A s " hw. Assume that the weight of each panel is m s {2, so the mass of the whole sail structure is m s . In the left panel of Fig. 1 a sketch of the sail structure is depicted. The rotation dynamics of the spacecraft occurs in a reference frame F b attached to it. To fix ideas, call the coordinates in this frame ξ, η and ζ and the vectors of the basis i ξ , i η , i ζ . The panels are attached to each other along an h-long side, that lies on a line parallel to the ζ axis, and they form an angle α with respect to the plane η " 0. The payload is assumed to be on the ξ axis, at a distance d of the center of mass of the two panels, see Fig. 2 . The main physical parameters of the system are: α, the aperture angle; and d, that accounts for the MPO.
Sketches of top views of spacecraft in F b can be seen in Fig. 2 , where the bus is depicted as a solid black dot. The left, center and right panels are sketches of spacecraft with d ă 0, d " 0 and d ą 0, respectively.
For the interest of this contribution we assume that the back of the panels (the side where the angle α is measured in Fig. 2 ) to be black and hence completely absorptive. 
Equations of motion
The planar orbit and attitude dynamics we consider is a coupled system of differential equations in pS 1ˆR qˆR 4 , where S 1 :" R{p2πZq: orientation and angular velocity for the attitude; and position and velocity of the spacecraft in an Earth centered inertial reference frame F I .
Here SRP is considered to be the strongest coupling effect between attitude and orbit dynamics. It is then necessary to study the rotation dynamics in relation to the orbit dynamics that is considered to evolve in F I . Denote the coordinates of F I x, y and z, and the vectors of the orthonormal basis i x,y,z . The vector i x points towards an arbitrarily chosen direction on the ecliptic (e.g. J2000), and since we are dealing with the planar problem, the vectors i z and i ζ are parallel. The triad is completed by choosing i y " i zˆix .
As the motion is planar the change of coordinates from F I to F b is done through R 3 p´ϕq, where ϕ P S 1 is an Euler angle and the rotation matrix
The Euler equations of rotation in the present situation reduce to
where M " pM ξ , M η , M ζ q is the torque due to the external forces considered, and C is the inertia moment of the ζ axis in F b . Denote I ξ,b , I η,b , I ζ,b the inertia moments of the bus. Then one can see that
SRP model
The force due to SRP exerted in each panel of the sail in F b is considered to be modelled as [16] 
where u d is the unit vector in the Earth-Sun direction, and n˘are the normal vectors to each panel, recall Fig. 1 . Concerning the constants, η P p0, 1q is the (dimensionless) reflectance of the sail and p SR " 4.56ˆ10´6 N{m 2 is the solar pressure at 1 AU which is considered to be constant.
Attitude dynamics
The effects taken under consideration are SRP and the non-symmetry of the spacecraft, so the total torque is M " M SRP`MGG , the sum of SRP and gravity gradient torques. Let λ be the argument of latitude of the apparent position of the Sun. The SRP torque has a different representation depending on the orientation of the sail structure with respect to the Sun, that is, it depends on the value of ϕ relative to λ. Denote φ " ϕ´λ. If φ P r´α, π´αs, the panel P`produces torque; and if φ P r´π`α, αs, the panel P´does; in particular, if |φ| ď α, both panels face the sunlight, recall the left sketch in Fig. 1 , and compare it with Fig. 3 . In this Figure, the sunlight direction is depicted as if it was in the direction p´1, 0, 0q J , hence λ " 180˝. The value of φ is the angle formed by u d and the dashed line of each spacecraft, that measures how is the spacecraft oriented with respect to the Sun. Figure 3 : Sketch of different orientations of spacecraft in the F I frame. Here λ " 180˝. In red, (1), both panels producing torque |ϕ´λ| ď α; in green, (2), only P`producing torque α ď ϕ´λ ď π´α; in blue, (3), only P´producing torque´π`α ď ϕ´λ ď´α.
Assume that the bus is symmetric in the sense that I ξ,b " I η,b " I ζ,b . In this case, as derived in [18] , the attitude equations of motion reduce to the following second order Ordinary Differential Equation (ODE)
where θ, ω and Ω are the true anomaly, argument of perigee and Right Ascension of the Ascending Node (RAAN) of the osculating orbit; the last being considered as it precesses due to the J 2 effect considered in § 2. 
where χ I is the characteristic function of the interval I,
The parameter µ " GM " 3.986ˆ10 14 m 3 {s 2 , is the gravitational parameter of the Earth. The rest of the coefficients are physical parameters that depend on the geometry of the spacecraft and on η, and read
The function M 0 in Eq. 15 can be interpreted as the scaled SRP torque due to a single panel. Since both panels are equal but oriented in a different way, one expects the expressions for both panels to be similar. Namely these can be found to differ only by a sign. The function M 1 in Eq. 5a, on the other hand, represents the joint SRP torque, that takes under consideration that the panels have to face the sunlight to produce torque; this is why M 1 is piece-wise defined function.
Orbit dynamics
Inspired by previous studies on the effect of SRP for the design of end-of-life disposals, the J 2 problem perturbed by the SRP acceleration of the two sail panels is considered as orbit dynamics [14, 6, 15, 5] . The force due to the panel P˘in F I is obtained from Eq. 3, with n˘" R 3 pϕqpsin α,˘cos α, 0q
The corresponding SRP acceleration for the panel P˘reads a˘" pax , ay , 0q J , where
The assumption that the Sun-spacecraft distance is constant equal to the Sun-Earth distance, is equivalent to consider a linear approximation of the potential of the Sun [13] . In this case, the SRP acceleration depends on time but not on the position of the spacecraft. Hence the acceleration due SRP can be written as
where
Note that a x and a y just consist of the adimensional factors in Eq. 7. In the particular case that α " π{2 and ϕ " λ, that is, when the sail is a rectangular flat panel with sides 2w and w, and the direction of the normal is parallel to the sun-spacecraft direction, then Eq. 8 reads´2
twice the acceleration of a flat square panel of size w always oriented towards the Sun.
With this we can provide the translational set of equations of motion.
:
In Eq. 9, the first summand is the Keplerian term and the second is the J 2 effect. The constants are: J 2 " 1.082ˆ10´3 is the adimensional coefficient of the second order term in the expansion of the perturbing potential in spherical harmonics, R is the radius of the planet, and r " a x 2`y2 .
Multiple time scale dynamics
The full set of 8 coupled differential equations, Eq. 4 and Eq. 9, have two different time scales, rotation being faster than translation. Hence these equations fit within the context of fast-slow dynamical systems. In this section we choose adequate variables to put them in the standard form for their treatment as a fast-slow system. Appendix A is devoted to the adimensionalisation of the equations of motion. The choice of the adimensionalisation factors (L for longitude, T for time) is done in such a way that one gets rid of µ in the equations of the Kepler problem and the J 2 and SRP accelerations and the gravity gradient torques are small compared to the Kepler problem and SRP torque, respectively. This is further explained and exemplified in § 4.1. For the sake of lightening the notation, we use the same names for the adimensional variables, as the dimensional analogues will not be further used in this contribution. Also p9q denotes the derivative with respect to the adimensional time, τ . The full set of equations read
where φ " ϕ´λ (depending on adimensional time), a x,y are as in Eq. 8, and the constants are the adimensional quantities
Written like this, the problem can be put in the form of a fast-slow system. To write Eq. 10 as an ODE of first order, one must introduce Φ " 9 φ " 9 ϕ´9 λ, and v x " 9 x, v y " 9 y. Let us denote φ " pφ, Φq and x " px, y, v x , v y q 1 . Then the following holds.
Proposition 1.
Assume that the apparent motion of the Sun is circular with 9 λ " n d " constant, and that the coefficient k 1,1 ą 0 (Eq. 6a). Define ε as
where L is the longitude adimensionalisation factor. There exists a phase scaling pφ, xq Ñ pφ,xq and two time scales τ and t " τ {ε, slow and fast, respectively, in which Eq. 10 written as an order 1 ODE has two fast and four slow equations of motion (i.e. it takes the form of a p2, 4q-fast-slow system), that is,
" gpφ,xq , and equivalently
Proof. Just consider the scalingφ
The parameter ε is an explicit measure of the difference between the time scales in which the two characteristic motions take place. It is worth noting that ε is a physical parameter, as only depends on quantities related to the shape an mass distribution of the spacecraft, µ and the length adimensionalisation factor L.
The change toˆvariables can be extended to argument of latitude of the Sunλ " λ which, in the fast time scale t, varies as dλ{dt " εn d , similarly as for the orbital dynamics in Eq. 13, right. That is, from the point of view of the attitude, the position of the Sun varies in a slower constant rate, with factor ε.
Fast equations
On the one hand, the components of the vector field of the fast variables are those representing the evolution of the sail attitude
where, if we denote
we can write
To obtain these expressions one has to use the double angle formulas in Eq. 5, using the symmetries of the involved trigonometric functions, arranged as in Eq. 5a.
Slow equations
On the other hand, concerning the components of the vector field of the slow variables, the scaling of the proof of Prop. 1 is such thatx " x, and hence the form of the equations does not change. The vector field of the slow subsystem reads gpφ,xq "¨v
wherer " ax 2`ŷ2 and
Written as in Eq. 13, the equations of motion can be studied by separately considering the attitude and orbit dynamics. This is possible by dealing with the limit case ε " 0, that can be interpreted as the spacecraft having an arbitrarily large area-to-mass ratio. Setting ε " 0 has two different meanings in each equivalent formulation of Eq. 13:
• In the slow time scale scale the dynamics is the slow (translational) system, constrained to the zeros of the function f . In practice, in the context of this paper, this means that the dynamics is constrained to a specific attitude. In fact, in this case the dynamics is that of a time-dependent Hamiltonian, and hence the components of g in Eq. 17 can be obtained as the derivatives of
The time dependency comes from the SRP acceleration, as it depends on the position of the Sun.
• In the fast time scale the position of the spacecraft is assumed to be constant and only the attitude evolves. The position of the spacecraft is, hence, a parameter of the system.
Moreover, for ε " 0 both the slow and fast time scale dynamics are Hamiltonian: in the slow time scale it holds for any fixed attitude, and in the fast time scale is not trivial and will be justified in § 3.1. But the whole problem is not Hamiltonian due to the SRP and gravity gradient coupling.
Dynamical aspects of the coupled system
In this section we highlight the most dynamically relevant aspects of the coupled adimensional attitude and translational model. Written as a fast-slow problem, we can deal with the description of the dynamics as it is customary in this field.
First, § 3.1 is devoted to the study the dynamics of the fast subsystem assuming that the slow subsystem is frozen. After this, the averaging of the fast small oscillations of the sail around the sun-pointing direction is studied in § 3.2. This allows to obtain a physical interpretation of the results that are exposed in § 3.3.
Dynamics of the fast subsystem
Consider Eq. 13 right, that is, the full system written in the fast time scale t. By setting ε " 0 the orbit (slow) vector field vanishes so the only nontrivial equations are those corresponding to the attitude (fast) dynamics.
Note that the condition ε " 0 freezes the translational dynamics. This is not equivalent to the simplified model found and studied in [18] , where the translational dynamics was assumed to happen on a fixed Keplerian orbit.
The first relevant property of the fast subsystem is that it has Hamiltonian structure.
Proposition 2. Fix ε " 0. The system given in Eq. 14, is Hamiltonian with Hamiltonian function K 0 and hence can be written as
Proof. The result follows by choosing appropriate primitives of M 0 , Eq. 16, that make K 0 a C 1 function. A solution is, if we denote
, the Hamiltonian function of a pendulum.
2. For ε ą 0, the attitude equations of motion can also be written the derivatives of a function K ε with respect toφ andΦ. Namely, if we extend Eq. 21
then for ε ą 0 we recover the vector field Eq. 14 via
The most relevant properties of the fast vector field f in Eq. 20 are that, first, that it is C 0 , the differentiability being lost at the switching manifoldsφ "˘π¯α,˘α; it is 2π-periodic inφ; and it is also symmetric with respect toφ " 0 as K ε ppφ,Φq,xq " K ε pp´φ,Φq,x. An example of phase space can be seen in the left panel of Fig. 4 , for α " 30˝and d " 0 m. In this Figure, each curve represents an orbit of the fast subsystem Eq. 2 that is obtained as a level set of K 0 , Eq. 21, that is, points for which K 0 " constant. The origin E represents the Sun-pointing attitude and orbits around it represent oscillatory motion. The vertical dashed lines represent switching manifolds, that in this case represent physically that a panel either starts or ceases to face sunlight and hence starts or ceases to produce torque. In |φ| ă 30b oth panels face sunlight, for 30˝ă |φ| ă 180˝´30˝only one of them do (as explained in § 2.2.2) and for |φ| ą 180˝´30˝the motion is completely rotational, i.e. the spacecraft tumbles, as no panel is assumed to produce torque. The set of equilibria are a continuum and an isolated point: at all points pφ, 0q witĥ φ P I´Y t0u Y I`, where I´" r´π,´π`αs and I`" rπ´α, πq the vector field vanishes. Among these the most dynamically relevant are E " p0, 0q, which is stable (provided k 1,1 ą 0 in the original coordinates, see Eq. 6), and H˘" p˘π¯α, 0q, that are saddles whose invariant manifolds coincide, W u pH`q " W s pH´q and W u pH´q " W s pH`q. The equilibria are indicated in the left panel of Fig. 4 , and in the right panel the physical meaning of E, H˘is sketched: E is exact orientation towards the sunlight and H˘represent the angles of transition to from no reflective panel facing sunlight to one, or vice-versa. The rest of equilibria, those whose abscissa isφ P I´Y I`zt´π`α, π´αu have 0 as double eigenvalue.
Slow-fast dynamics and averaging
This section is devoted to the study of the dynamics of the full system for ε ą 0. For small values of ε one expects the structure found in § 3.1 to be close to conserved in a sense that is made explicit here.
More concretely, the function K ε is a first integral of the frozen fast subsystem for ε " 0, so for ε ą 0 and for adequate initial conditions, it is expected to vary, but slowly, along orbits. Hence, one expects the system to admit an analogue of an adiabatic invariant (recall that the full system Eq. 13 is not Hamiltonian): there is an equivalent formulation of the system in which one of the variables experiments oscillations of at most Opεq for time intervals of length Op1{εq. The goal of this section is to find the adequate change of variables that translates the problem in this context.
Attitudes close to the sun-pointing directionφ " 0 are those for which there is numerical evidence of helio-stability properties of the spacecraft, see [18] , and the dynamics in this regime is that of a mathematical pendulum. The following study will be restricted to this situation.
For the fast subsystem Eq. 20, let G Ă S 1ˆR be the region contained in |φ| ă α (that is, both panels face the sunlight) where all trajectories lie wholly in G. Note that, in G, for fixed values ofx, the condition K ε " k defines one and only one trajectory of Eq. 20, and G consists of a continuum of closed nested periodic orbits. 
wheref ,g have zero average with respect toφ.
Proof. This result fits within the scope of averaging theory, and the proof can be sketched as consisting of the two following steps.
1. Consider for the moment the dynamics of the fast subsystem Eq. 20. It depends onφ in a periodic way, but for each initial condition in G, the period and the range ofφ of points in this orbit are different. Restricting to the behaviour close to the sun-pointing direction, we can substitute the equations of motion by the Taylor series aroundφ " 0.
Since the frozen subsystem is Hamiltonian, one can have K 0 in mind for the moment. The leading non-constant terms are
This suggests to consider a first change of variables (ˆÑ¯)
where pΦ,φq are the usual Poincaré action-angle variableŝ
the frequency being ω " ? 2. The change is extended to the rest of variables by simply choosingx "x,ȳ "ŷ,vx "vx, andvȳ "vŷ.
After this change of variables, the equations of motion Eq. 13 are 2π periodic inφ, which is still fast with respect to the rest of the variables.
It is worth noting that as the fast subsystem has Hamiltonian structure and the change of variables C 1 restricted to the attitude motion is canonical, one can still deal with these two equations as if they were a Hamiltonian system with Hamiltonian function K ε . So, for orbits in G, we can obtain the equations of motion in the¯variables as follows. Start by considering
where ϑ :" arctanpŷ{xq´λ. Now, the expansion aroundφ " 0 reads
where, if we introduce the¯variables Eq. 24, it reads
Now the attitude equations in¯variables can be recovered via
Concerning the translational motion (or slow subsystem), it only depends onφ via the term due to SRP acceleration, see the rightmost summand in Eq. 17. In the region G, this acceleration (see Eq. 18) readŝâ x a y˙"ˆ´p 2`ηq sin α cos λ cosφ´η sin α sin λ sinφ`η sinp3αq cospλ´3φq sin αpp1`ηq sinpλ´φq sinpλ`φq´ηp1`2 cosp2αqq sinpλ´3φqq˙.
This can be treated as did for K ε above, first separating the dependence onφ, substituting the sine and cosine functions by their Taylor expansions, and then introducing the¯coordinates. These expressions are not added as only a part of them are useful for the next step, and we can refer to the expansions above to justify the form they will have.
2. Let us focus for the moment in the differential equation ofΦ, that is, after performing the first change of variables C 1 : since we obtain it as´BK{Bφ, in this equation the derivative of all terms of the sums in Eqs. 26 appear. But note that also in all of them there is a factor of the form d dφ sin lφ " l cosφ sin l´1φ , l P Z, l ą 0 that have zero average with respect toφ. Hence, one can get rid of the dependence on φ via some averaging steps as done, for instance, in the classical reference [19] . After ordering the terms (by orders inΦ, for instance), the jth step would consist of first separating the terms of the right hand we want to get rid of as the sum of periodic (with respect toφ) plus average parts, and constructing the change of variables so that the non-periodic part remains intact and the periodic terms targeted do not appear in the equations written in the new variables. This is obviously done at the expense of more terms appearing in higher orders that have to be dealt with in subsequent averaging steps.
To be able to perform these changes we have to require that, on the one hand, the frequency ω ą 0 has to be bounded away from zero. This is satisfied as ω " ? 2. On the other hand, the leading terms of the expansion are OpΦ 2 q (see Eq. 26a), hence we have to assume thatΦ is small enough so that the successive changes of variables to be performed are, in fact, invertible.
To reach the claimed form of the equations, Eq. 23, one has to perform a second change of variables C 2 : pφ,Φ,x,ȳ,vx,vȳq Þ Ñ pφ,Φ,x,ỹ,ṽx,ṽỹq that is a composition of N ě 0 averaging steps, as many as required until OpΦ N`2 q " Opε 2 q. Note that, in particular, if OpΦ 2 q " Opε 2 q, then C 2 is the identity, and the claimed form of Eq. 23 can be justified by introducing a book-keeping parameter δ " 1 that groups terms in different orders of smallness according to the powers ofΦ and ε [8] .
More concretely, for small enoughΦ, C 2 is the composition of near-the-identity changes of variable such that, in the new variables, the lowest order term inΦ in the Taylor expansion that depends onφ is exchanged by a zero-average term of the same order inΦ with respect toφ. This can be done in such a way that after the N steps the differential equations consist of the average of the original equation written in thē variables, at the expense of having a change of variables that does not have zero average, plus higher order terms that have ε as factor. After performing C 1 and then C 2 , Eq. 13 has, in the˜variables, the claimed form Eq. 23, wheref is the derivative with respect toΦ of the average with respect toφ of the terms in the sum Eq. 26a up to the first order comparable with ε in magnitude, withΦ in the place ofΦ;g consists of the slow equations of motion plus the average of to the same order of Eq. 27; and the functions R 1 , R 2 and the map R contain the non averaged terms plus extra terms that appear as a byproduct of the successive averaging changes of variables. l
Now we are in position of using the averaging method, that consists of replacing the right hand side of Eq. 23 with its average with respect toφ and to neglect the terms Opε 2 q. Let us refer to the averaged variables as˜. The averaged equations of motion read
where the angle brackets denote average with respect toφ. Recall thatφ indicates the average angle between the orientation of the sail and sunlight. Consider the solutions of Eq. 23 and Eq. 28 starting at the same initial conditions, and denote them byΦptq,xptq and Φptq,xptq, respectively. Theorem 1. For small enough ε ą 0, on the one hand |Φptq´Φp0q| " Opεq for 0 ď t ď 1{ε, and on the other hand |xptq´xptq| " Opεq up to t " Op1{εq.
Proof. This follows from the theorem about the accuracy of the averaging method, see [1] .l Remark 2. The averaging steps performed have been done in such a way that the resulting equations of motion after the successive changes of variables were the average with respect to the fast angleφ. Although this is the expected observed mean motion, it adds difficulties in the equations as it forces the successive changes to not have zero average and makes the reminders of the expression Eq. 23 more involved. If instead one performs these steps getting rid of all possible periodic terms, the changes and the reminders remain 2π periodic through the whole process. Moreover, in this situation, the classical theorem of Neishtadt [19] would be applicable, so there exists a change of variables that separates the phaseφ from the rest of the variables except from a reminder that has exponentially small bounds.
Explicit equations and physical interpretation
The benefits of the analysis performed in this section is that one can extract physical interpretations of interest for prospective applications: construction guidelines, simplification of the equations of motion and the interpretation of the averaged problem as an equivalent already studied problem.
Stability of the Sun-pointing direction
The first practical benefit can be extracted from the study of the fast dynamics. The condition k 1,1 ą 0, that is a hypothesis of Prop. 1 is actually equivalent to
This is a necessary constraint between the physical parameters of the system, α and d. Note that since α P r0, π{2s and η P p0, 1q, the function Kpα, ηq ă 0 we have the following. This local stability can be physically understood as when the motion starts close enough to the sun-pointing attitude the attitude librates around this state, as seen in Fig. 4 .
This result relates the aperture angle and the MPO and can be understood as a guideline for construction and can be used for future control-related studies. Note that, in particular, d min ă 0 m for α P p0, π{2q and d min " 0 m for α " π{2, the flat plate case; recall Fig. 2 . In 
Averaged equations of motion
The previous analysis justifies averaging procedure with respect to the oscillations around the sun-pointing direction. The main hypotheses for the theorems were, on the one hand, the closeness to the sun-pointing direction; and on the other hand, the smallness of ε, that actually measures the separation of time scales between attitude and translation components. This was already observed in the numerical study performed in [18] . In the proof of Lemma 1, the changes of variable were chosen to justify the applicability of the well-known averaging results, but from a practical perspective, provided ε andΦ are small, the averaging process can be carried out up to any required required. Namely, the largerΦ is, the higher in the order of the averaging procedure has to be.
Concerning the attitude equations, in practice one can obtain the differential equations by first averaging the Hamiltonian K ε , and then computing the derivatives with respect to the new averaged action. Namely, using that 1 2π
f n is even 0 if n is odd , the average of Eq. 26 reads (using the same names for the variables)
The derivative of K ε with respect toΦ gives the approximation of the average frequency of rotation ofφ. Concerning the translational dynamics, after the averaging procedure they are approximately decoupled from the attitude. The averaged effect of the SRP acceleration is found by computing the average of Eq. 27. Let us proceed above, first separating the dependence onφ and then expanding the sine and cosine functions aroundφ " 0. After this procedure, the only terms that will contribute to the average are with those that have cosplφq, l P Z as factor. These can be written in the following compact form,ˆc os λ sin λ˙´p 2`ηq sin α cosφ´η sinp3αq cosp3φq¯, where, if we expand the cosine terms and introduce the¯variables, we obtaińˆc
whose average reads, re-using again the¯variables for their averaged analogue,
Note that the sums in both Eq. 30 and Eq. 31 are convergent.
Interpretation as a smaller sail
After the averaging procedure the attitude and orbit dynamics become decoupled since the acceleration due to SRP becomes constant in the direction of Eq. 31, that in fact depends only on the attitude initial condition of the integration through the mean amplitude of the oscillations, as will be seen in § 4. The first benefit of the analysis is that the equations of motion become Hamiltonian again as the averaging acts as fixing the attitude (recall the end of § 2.3). In fact, one can interpret the averaging as follows:
For each initial condition (that fixes the initial value ofΦ) the dynamics of the averaged equations is that of a spacecraft with the same mass m b`ms with a flat panel of effective area A s¨Aeff , always perpendicular to the sun-spacecraft direction. The factor A eff is that given in Eq. 32.
The expression of this effective area is obtained from Eq. 31. Comparing the total acceleration due to SRP and that of an sail with the same mass with area A eff yieldś
and from this we get that
This quantity is referred to as the area factor.
Numerical test cases
This section is devoted to exemplify numerically the analysis performed in § 3. Since the results refer strictly to the case in which both panels face sunlight, that is, |φ| ă α in Eq. 10, the simulations are restricted to this case. The equations of motion used in this section are those obtained after the change of variables of Prop. 1, that read, in the fast time scale t (denoting p 1 q " d{dt)
1x " εˆ´x r 3´c 3x r 5`c 4âx˙,
where pâx,âŷq J read as Eq. 27. Note that the theoretical restriction gives a stopping condition for the numerical integrations: if |φ| ą α simulations are stopped as in this case the sail is expected to tumble.
Physical parameters and adimensionalisation factors
The system of ode Eq. 33 has its own interest for arbitrary choices of the parameters c 1 , c 2 , c 3 and c 4 , as the slow and fast subsystems for the value ε " 0 have Hamiltonian structure, yet the whole coupled system for ε ą 0 does not.
Despite this, to justify the usefulness of the analysis performed in prospective real applications we are lead to choose values of the parameters that correspond to a structure that is constructible according to current technological boundaries. So, done in [18] , following the guidelines in [7] , the physical parameters of the structure are chosen to be η " 0.8, m b " 100 kg, w " h " 9.20 m and m s " 3.60 kg, that corresponds to an area-to-mass ratio of A s {pm b`ms q " 0.75 m 2 /kg. The results are exemplified with spacecraft with α " 35˝, 40˝, 45˝, 60˝, all of them with d " 0, as for these parameters the sun-pointing attitude is helio-stable, recall Fig. 5 . It is worth noting that smaller aperture angles α allow smaller oscillation amplitude and hence smaller angular velocity, and any value of d with |d| ą 0 would give rise to a larger size of the gravity gradient perturbation.
Now the values of the parameters still depend on the adimensionalisation quantities, L for length and T for time, see App. A. There it is justified that to obtain Eq. 33 one has to choose T " a L 3 {µ so only L has to be chosen. It has to be done in a way that ε " 1{c´1 {2 1 is small, the gravity gradient torque has to have smaller size than the SRP torque, and J 2 and SRP acceleration have to be also smaller than the term of the Kepler problem that is Op1q. In Fig. 6 the values of ε " 1{c From these plots one infers that L " 20 000 km is a proper choice for the purposes of this contribution. With all these choices, the physical constants of the system that are used in the following sections are summarized in Tabs. 1 and 2. It is worth noting that, in both cases, ε " Op10´2q and that one unit of time t of Eq. 33 is equivalent to T ε « 2´3 min.
Main numerical experiment
The attitude-orbit coupling and averaging results of § 3 are exemplified using one single orbit initial condition on which all the considered disturbing effects play a strong role. Namely, Table 1 : Values of the physical parameters for α " 35˝and α " 40˝. Table 2 : Values of the physical parameters for α " 45˝and α " 60˝.
all motions considered start at the perigee of a Keplerian orbit characterized by a 0 " 9000 km, e 0 " 0.25, ω 0 " 0˝.
Note that, in particular, the perigee radius is above the surface of planet Earth (with minimal altitude 350 km) and this remains true along all propagation performed. Despite the low altitude atmospheric drag is not considered as it was not taken into account in the study of § 3. Such considerations are left for future contributions.
Concerning attitude initial conditions, a sampling of between the sun-pointing attitude and close to the limit of the validity of the theoretical results, |φ| ă α, has been performed. More concretely, for each aperture angle α, 480 initial conditions of the form
have been considered. That is, 0 ăφ ď 0.90 is sampled. This is to make sure that most trajectories do not reach |φ| ą α before the maximal integration time. But this may also happen before for these initial conditions, as will be observed later in the case α " 35˝. Finally, the maximal integration time for all considered initial conditions has been 1 year (that corresponded to a different maximal t for each value of α).
The theoretical study of § 3 only justifies ε-closeness of the original and averaged system in intervals of length Op1{εq in the adimensional scale t. In actual time units, using the data in Tabs. 1 and 2 this length is Op10 2 q times the time unit, that accounts for 10 4 s « 3 h in the studied 4 cases. Despite this, in the performed numerical experiments one observes that in the studied orbit this interval is larger. The study of the time intervals where such ε-closeness holds in a large family of orbits is out of the scope of the present paper and hence will not be addressed.
As a final consideration, as the flow is always transversal tox " 0, instead of the full 6D ode we have considered the Poincaré section defined on Σ " tx " 0,ŷ ă 0u .
Hence, the following is a study of a 5D discrete map on this surface. The reason for this choice is twofold: on the one hand, this is a reduction of the phase space by one dimension and it allows for easier and better comparison when studying the system Eq. 33 and its averaged analogue, even though the intersection times do not exactly coincide, as they are different sets of ode.
Numerical results
A selection of numerical results are shown and described here. These are related to the shape and size of the osculating orbit along the integration, to be able to compare between different apertures and oscillation amplitudes; to the assessment of the applicability of the equivalent flat sail in the averaged equations; and finally to the assessment of the distance of original and averaged equations.
Shape and size of the osculating orbit
The shape and size of the orbit of the spacecraft are studied via the Keplerian elements semimajor axis a and eccentricity e. In a scale where the whole evolution along one complete year of integration is displayed the differences on these two elements is qualitatively the same. In Fig. 7 an example of such evolution is displayed. The shown evolution is obtained with the attitude initial condition with j α " 0 in Eq. 34, that is, the initial attitude closest to the sun-pointing direction considered. Top and bottom panels show the evolution of a and e respectively. The differences due to choosing different aperture angles are highlighted in the right column zooms.
This shows that despite the sail in all cases have the same shape and size the aperture angle of the sail, even if it oscillates mildly around its helio-stable attitude, produces a non negligible impact on the orbit. Namely in this case we observe Op0.1q variations of a measured in km, that is, Op10´6q in the adimensional variables; and Op0.001q variations in e. Other attitude initial conditions display differences of the same orders of magnitude.
The definition of equivalent effective area
From the results concerning the variation of osculating orbit one reads that the fact that the oscillations close to the sun-pointing direction are fast with respect to the orbit dynamics implies that the sail produces an average uniform effect. This can be interpreted as the QRP sail behaving as a flat sail with area A s¨Aeff , recall Eq. 32.
In Fig. 8 the area factor A eff is plotted, as a function ofΦ for different values of α that include the study cases. • α = 55
Figure 8: Theoretical factor of the effective area of the averaged sail dynamics A eff .
Recall thatΦ " p2φ 2`Φ2 q{p2 ? 2q, so this action gives information about the amplitude of the oscillations around the sun-pointing direction. Figure 8 shows that one can choose the aperture angle in such a way that for small oscillations the effect of the QRP is, in average, that of more than 2 flat panels of area A s . In other words, for adequate α, the oscillations are equivalent as to have a larger flat panel always oriented towards the sun.
The question now is how to measure if this effect can be recovered in the attitude dynamics and SRP perturbation in the performed simulations. Recall that the results of the simulations are data on Σ of the propagation of Eq. 33. To test the formulas provided in § 3, one can to proceed as follows:
1. Measure of the average of the action. The quantityΦ " p2φ 2`Φ2 q{p2 ? 2q evaluated along the data appears to oscillate in what seems a quasi-periodic manner. Since we are interested in the average, for each initial condition, we denote Φ the time average ofΦ along the whole 1-year long integration.
2. Evaluation of the area factor. With each obtained value of Φ we can evaluate A eff p Φ , αq, the area factor, see Eq. 32. This is referred to as the "theoretical" value.
3. Measure of the average SRP acceleration. The values of the components of the SRP acceleration Eq. 27 are also averaged along the 1-year long data for each initial condition. As given in this equation, the obtained average values correspond to the area factor divided by either cospλq (alongx) or sinpλq (alongŷ). The mean is denoted as A ‹ eff p Φ , αq, and referred to as the "numerical" value.
The results of this study are summarized in Fig. 9 . To allow comparison for different aperture angles, since each aperture angle has a different maximal oscillation, j α is chosen as abscissa instead ofφ 0 itself, recall Eq. 34. The top panel displays the time average of Φ " p2φ 2`Φ2 q{p2 ? 2q. This shows that the tendency is that the larger α is the faster Φ increases in the |φ| ă α region. In this figure three phenomena are highlighted as they require further clarification. Both (c) and (d) correspond to the same phenomenon that occur for α " 40˝and 45˝, respectively, that is a plateau. This can be explained as the corresponding initial conditions chosen to evolve not on a torus or close to a torus but on a large width chaotic region where the attitude can range freely. Think, as a geometrical analogy as the phase space in this problem is 5D, of the dynamics of a chaotic orbit in a Birkhoff region of an area-preserving map -i. e. bounded region typically inside stability islands bounded by two invariant curves and without any invariant curve inside. The variations in (e) that occur for α " 35˝spurious data, as the corresponding sail reached |φ| ą α before 1 year.
The bottom left panel of Fig. 9 shows the theoretical and numerical values of the area factor. The bottom right panel shows the difference between the theoretical and numerical values of A eff (as defined in the enumeration in the beginning of this section)
On the left the theoretical and numerical values are displayed in dashed and solid lines, respectively. As expected from the hypotheses of the theory, the fit is better the closer to the sun-pointing direction we are, but even for larger values of Φ Eq. 32 still gives a good first approximation of the area factor. As above, we study the shape and size of the osculating ellipse via the semi-major axis and eccentricity and the results are compared with the orbits explained in § 4.3.1. In a scale where the whole evolution along one complete year of integration is seen one is not able to notice any difference between the evolution of these two observables in the averaged and original equations, that hence have a behaviour such as that shown in Fig. 7 . To study the discrepancies between the numerical results of these two equations it is convenient to compare the semi-major axis and eccentricity of the orbits in the adimensional variables, that shall be denoted asã,ẽ for the averaged equation Eq. 36 andâ,ê for the original one Eq. 33. It is important to stress that the comparison is done in the number of intersection to Σ, not in the integration time, as the they are slightly different in both problems. A sample of the numerical results obtained can be seen in Fig. 10 . The shown results correspond to 19 different values of Φ : j α " 0 : 25 : 480. Concerning the differences of semi-major axes, along this first integration year, they are Op10´6q; and concerning the differences in eccentricity, they are Op10´5q. Taking into account that ε " Op10´2q, these numerical results exceed the predictions done by classical theorems that are summarized in Th. 1.
As a final remark, notice that these numerical results depend strongly on the chosen orbit, and a specific numerical study to investigate this fact should be done to address this problem. Note that for the studied orbit (as it is indicated in the numerical results for A eff ) one can find a non-negligible region of practical stability around the Sun-pointing attitude so that it makes sense to consider such structures as potential candidates for passive deorbiting devices. The studied orbit initial condition example is highly eccentric and produces a large gravity gradient torque perturbation. Attitude stability is expected to be enhanced in high altitude orbits, even all the way down to low Medium Earth Orbits (MEO), i.e. 2000 km of altitude, and for less eccentric orbits.
Conclusions
The coupled rotational and translational motion is known to be a problem with two characteristic time scales. Although this property is not obvious in the form of the equations of motion of the class of spacecraft studied in this paper, an adequate time and phase scaling that depend on a single parameter ε can be done to highlight the two different components of the motion. This parameter, in turn, depends solely of physical quantities that describe the shape and mass distribution of the spacecraft under consideration.
The attitude dynamics can be understood via a formal treatment of the equations by studying the fast subsystem of the motion by setting the parameter ε to 0 with equations written in the fast time scale. In the specific case of the simplified QRP it is a Hamiltonian system of one degree of freedom with C 0 equations of motion that resembles a pendulum, where the sun-pointing attitude is the stable equilibria (for adequate MPO d and aperture angle α). The phase space inside the separatrices is foliated by periodic orbits with different period but both the Hamiltonian and their equations of motion are only analytic in a neighborhood of the sun-pointing attitude. A change of variables of Poincaré type has to be performed inside this neighbourhood to force all attitude periodic orbits to have period 2π.
The separation of the attitude and orbit dynamics by means of direct averaging with respect to the angleφ provides a reasonable first approximation of the orbit dynamics. The theoretical justification of the applicability of averaging results rely mainly the two independent requirements: smallness of ε and closeness to the sun-pointing attitude, that is, Φ being small enough. Also, the smoothness hypotheses of classical theorems only allow to restrict to the case where both panels face sunlight.
Even though in the studied practical examples, where the chosen physical data refers to a constructible structure, the value of ε is not small (recall in all cases ε " Op10´2q), the oscillations around the sun-pointing direction are fast enough so that the effect along the whole integration is perceived in the orbit dynamics as uniform.
This uniform effect can be interpreted as the sail structure consisting of a flat panel with the same reflectance; and whose area is A s times an area factor that depends on the amplitude of the oscillations and the aperture angle. This factor can be made larger than 2, hence virtually as if it had the same area-to-mass ratio as if both panels of the structure were completely open (α " π{2) -or even slightly larger -but with the advantage of the enhanced stability provided by the oscillating character.
As commented in § 3.2, the formulas for area factor could be improved by performing the changes of variable in a way that they have zero average. This would introduce, in particular, terms due to the gravity gradient in the area factor. The great disadvantage is that the kind of expressions one would be forced to handle would be increasingly involved as one goes further in the sequence of changes of variable. So, one should take into account the trade off between these tedious computations and the possible improvements in the formula, as the way are presented in this contribution may be enough as first approximation for practical purposes.
This work is intended to be a first step towards the comprehension of the long term dynamics of QRP. Future lines of research include the extension of the results of this paper to the 3D structure. In this situation it makes sense to consider eclipses as a moderate spin along one of the axes of inertia can be considered to enhance attitude stability, as done in [10] . Such assumption would reduce the rotation dynamics from 3 to 2 degrees of freedom. Other interesting lines of research would include the consideration of damping effects to enhance the stability properties, and the possible transition scenarios from SRP dominated to atmospheric drag dominated regions where such as structure should be used as a drag-sail.
Concerning applications, the long term stability of these family of spacecraft make them suitable for cargo transportation missions and interplanetary transfers, see e.g. [17] .
